Abstract In this paper I present an (∈, =)-sentence, AC * * , with only 5 quantifiers, that logically implies the axiom of choice, AC. Furthermore, using a weak fragment of ZF set theory, I prove that AC implies AC * * . Up to now 6 quantifiers were the minimum and 3 quantifiers don't suffice since all 3-quantifier (∈, =)-sentences are decided in a weak fragment of ZF set theory. Thus the gap is reduced to the undecided case of a 4 quantifier sentence ZF-equivalent to AC.
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In one of his FOM-postings 2 Harvey Friedman sums up about what was known, up to then, about quantifier complexity in set theory. He also makes a number of conjectures. I quote the part of interest to this paper below.
As I said many times on the FOM, all 3 quantifier sentences are decided in a weak fragment of ZF. There is a 5 quantifier sentence that is not decided in ZFC, and is provably equivalent to the existence of a subtle cardinal over ZFC. . . . I conjecture that the axiom of choice cannot be stated with 5 quantifiers, but this isn't known even for 4 quantifiers. We know that the AxC can be stated with 6 quantifiers (posting #195).
In this quote a sentence is understood to be part of the primitive language of set theory, which is standard first order predicate calculus with equality and one binary relation, ∈. Furthermore, in counting the number of quantifiers, one counts every individual quantifier, not just alternations of quantifiers.
This inspired me to investigate the 4-and 5-quantifier sentences, and in particular I set out to disprove the conjecture that there isn't a 5-quantifier (∈, =)-sentence equivalent to the axiom of choice. I succeeded and this paper presents the proof. A draft version of this result was checked by Norman Megill with Metamath, a system for computer-aided formal proof checking developed by Norman Megill.
All this poses the next question: "Can AC be stated by an (∈, =)-sentence with only 4 quantifiers?". I personally believe this isn't possible. This believe comes from the fact that all known (to me) sentences ZF-equivalent to AC have a form like ∀x . . . ∃yϕ(x, y). The dots allow for some premises which must be satisfied by x and ϕ(x, y) must, in some way, express that y represents a maximal decision relative to x. Usually this ϕ can't be stated with 2 or less quantifiers. The only exception I am aware of is a reworked version of Zorn's Lemma. But in this case the premises on x become quantifier-loaded.
In section 2, I introduce the notion of choice-sets and prove that "y is a choice-set for x" can be stated with a well-formed-formula (wff) in the primitive language of set-theory containing only 3 quantifiers. In particular this wff belongs to the complexity class ∀∃∀.
In section 3, I state the axiom of choice, AC, in terms of choice-sets. Furthermore, I introduce a new "stronger" statement AC * , which is stronger in the sense that only first order predicate calculus is required to prove that AC * implies AC. This is possible since AC * exhibits a weaker hypothesis and a stronger conclusion then AC. Following this, I show that this new statement is implied by AC in a weak fragment of ZF. Namely the following:
In (∈, =)-notation this becomes ∀x, y∃z∀a(a ∈ z ↔ a = x ∨ a = y). Bounded Separation: If ϕ is a wff in which all quantifiers are bounded, then we have ∀x∃y y = {z ∈ x | ϕ}. In (∈, =)-notation this becomes ∀x∃y∀z(z ∈ y ↔ z ∈ x ∧ ϕ). Bounded Replacement: If ϕ is a wff in which all quantifiers are bounded and y is not free, then we have ∀x(∀z∃!z ′ ϕ → ∃y∀z ∈ x∃z ′ ∈ y ϕ). In (∈, =)-notation this becomes ∀x(∀z∃z
The proof is done by describing a method for constructing a set x * from any set x, such that the following properties are satisfied:
1. If x satisfies the hypotheses of AC * , then x * satisfies the hypotheses of AC. 2. If y is a choice-set for x * , then we can construct a choice-set from this set for x which is not contained in x.
In section 4, I rewrite AC * to obtain AC * * , which is a 5-quantifier (∈, =)-sentence. The proof of their equivalence only involves first order predicate calculus without any of the axioms of ZF set theory.
2 Choice-sets Definition 2.1 We call a set y a choice-set for a set x, and write C(y, x), if for any non-empty element, z ∈ x, the intersection of z and y, z ∩ y, is a singleton. I.e. y chooses exactly one element from every non-empty z in x. Formally this could be written as
If we want to use (∈, =)-notation, this can be translated into
Lemma 2.2 Suppose we have three wff 's X(t), Y (t) and Z(r, t), in which the variables a and b do not occur freely. Suppose furthermore, that ∀t(Y (t) → X(t)) is valid. If we now define the wff 's A and B as below, then A and B are equivalent.
•
Proof
We need to prove A ⊢ B and B ⊢ A A ⊢ B: Suppose that we have A. We have to consider two possibilities. 
Corollary 2.3
Notice that that the premises of the above lemma are fulfilled when we choose X(t), Y (t) and Z(r, t) as below.
• Z(r, t) ≡ Y (r) → r = t. This gives the following A and B:
.
A clearly states: If z is non-empty, then the intersection between z and y is a singleton. While B shows that this can be said with only two quantifiers. More in particular we may conclude that C(y, x) is equivalent to ∀z(z ∈ x → B(x, y, z)).
Hence "y is a choice-set for x" can be stated in (∈, =)-notation with as little as 3 quantifiers. 
where we have AC h,1 (x) ≡ ∀z ∈ x z = ∅ and
In the literature, one might find an alternative formulation for the axiom of choice that does not require the elements of x to be non-empty to guarantee the existence of a choice-set. In the presence of the Axiom of Bounded Separation, these two formulations are equivalent, since y is a choice-set for x iff y is a choice-set for {z ∈ x | z = ∅} = {z ∈ x | ∃a ∈ z a = a}. This follows easily from the fact that C(y, x) only gives information about the non-empty elements of x.
Definition 3.2
In what follows, we will be interested in the following statement:
where we have
I.e. AC * h (x) states that all elements of x contain an element not contained in any other element of x. The main purpose of this section is to prove the equivalence of this statement with AC.
Proof Take any z ∈ x. Since we have AC h,1 (x), we have an a in z. Now, AC h,2 (x) gives us that this a is not an element of any other element of x. Hence AC * h (x) follows. Proof Suppose AC * is valid. Now suppose x satisfies the hypotheses of AC. The previous lemma states that x then also satisfies the hypotheses of AC * . Hence by AC * , we have a choice-set y for x, which even is guaranteed not to be an element of x.
Notice that the proof of AC * → AC did not use any of the axioms of settheory. The reverse implication, on the other hand, requires some of the other axioms of set-theory.
In what follows, I will indicate in parentheses which axioms and which previous results are required to prove the stated result. 
Furthermore, for this function, we have the following properties:
Here z x (resp. z ′ x ) denotes the image of z (resp. z ′ ) for the function ϕ defined above. Formally this means that property 3 actually stands for
Proof Because of the Axiom of Bounded Separation we have for all z, a set z x such that ϕ(z, z x ) is satisfied. The Axiom of Extensionality guarantees the uniqueness of this z x . Hence ϕ does indeed define a function. Since ϕ(z, z x ) can be stated in (∈, =)-notation with only bounded quantifiers as follows:
ϕ does indeed satisfy all the conditions of the Axiom of Bounded Replacement. We now prove the properties of this function.
1. This follows immediately from the definition of z x . 2. Suppose this property didn't hold. Hence we have two distinct elements, z and z ′ , in x and an a, such that a ∈ z x ∩ z holds. By the previous property, we would have a ∈ z ∩ z ′ . But by definition of z x , a would then not be an elements of z x . Which is in contradiction with our chosen a. 3. Given any two distinct elements, z and z ′ , in x, the two previous properties allow us to derive z x ∩ z Proof Suppose AC is valid and x is a set that satisfies AC * h (x). Now consider a set x * given by the above corollary. This same corollary and AC * h (x) guarantees that x * satisfies the hypotheses of AC. Hence AC gives us a choice-set y for x * . The Axiom of Bounded Separation guarantees us the existence of a set y ′ = {a ∈ y | ∃z ∈ x a ∈ z x }.
One easily verifies that we have
On the other hand, the previous lemma allows one to verify that
is valid for any z ∈ x. This allows us to derive
Since y is a choice-set for x * , we find that z ∩ y ′ is a singleton for all z ∈ x. Hence y ′ is a choice-set for x. If y ′ is not an element of x, then nothing remains to be proven. So suppose y ′ is an element of x. Since y ′ is a choice-set for x, we find that y ′ = y ′ ∩ y ′ = {a} for some a. However, since we have AC * h (x), a cannot be contained in any other element of x and no element of x is empty. On the other hand, since y ′ is a choice-set for x, a would have to be contained in all non-empty elements of x. Hence we get x = {y ′ }. Now if we where to find a set b different from a, then the Axiom of Pairing gives a set y ′′ = {a, b}. Such a set would then still be a choice-set for x and it would not be an element of x.
The search for this set b can be done by different means (read: using different axioms of set-theory). Since we have already been using the Axiom of Bounded Separation, we will use this route. If a is empty, then y ′ which is non-empty will do. If on the other hand a is non-empty, then the Axiom of Bounded Subsets ({u ∈ a | u = u}) guarantees that there exists an empty set b as a subset of a. This b will do in this case. 
5-quantifier Axiom of Choice
The following result requires only first-order predicate calculus, i.e. none of the axioms of ZF were used. 
